Simple Harmonic Motion

* Restating Hooke's law

+ The equation of motion

* Phase, frequency, amplitude

+ Simple Pendulum

+ Damped and Forced oscillations
* Resonance



Harmonic Motion

A lot of motion in the real world does not fit
some of our earlier models (linear or circular
motion, uniform acceleration).

Many phenomena are repetitive or oscillatory.

The most basic oscillation is the block/spring
system:
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What is the eguation of motion, x(t)?




1
does x(t)=x,+v,t + Egtz work ?

does x(t)=Acos (wt+¢) work?



* Is the motion of a bouncing ball described by SHM?

 Is this motion SHM?



Quick Quiz

Which of the following functions also describe simple
harmonic motion?

A) x(t) = e

B) x(t) = tan (wt)

C) x(t) = sin (ot)

D) All of the above
E) None of the above



Generic Simple Harmonic Oscillator

d*x

e = — " x(t)

x(t) = Acos(wt + @)

= but what do A, ®», ¢ mean?



x = Acos(wt+ @)

A = amplitude of the motion
= maximum value of x (xranges from +A4 to -A)

¢ = phase constant -- gives the initial position at t=0
x(t=0)=x = Acos ¢

O = angular frequency and is related to the period of
the motion [radians/sec]



x = Acos (wt+ @)
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- This quantity in brackets is an angle, called the
phase angle (or just the phase) of the motion

* x=A at phase angles of multiples of 2= radians:
oo y—4m, 21, 0, 2w, 4m, ...

X(t)
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x = Acos (wt+ @)

—

¢ = phase constant -- gives the 1nitial position at t =0
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The period T is the time needed to repeat the cycle:

At t=0, position is Xo = A cos ¢

One period later,at t=T, positionis
X =Acos (oT + ¢)

In time T, the phase angle (ot+¢) has increased
by (2n) radians

ol =27 radians = o©=2xlT



Two types of frequency!
Angular frequency: =27z/T in [rad/s]

Frequency: £=1/T in [Hz]or[s"]

:

‘cycles per second ‘




Quick Quiz

A mass hung from a spring is made to oscillate vertically.
The mass goes from its highest position to its lowest

position in 2 seconds. What is the angular frequency of
this oscillation?

A) 1.5 rad/s
B) 3 rad/s
C) 1.5 Hz
D) 3Hz
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What is the difference between these oscillators?

A) Phase constant

B) Amplitude

C) Angular Frequency

D) More than one of the above
E) None of the above
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What is the difference between these oscillators?

A) Phase constant

B) Amplitude

C) Angular Frequency

D) More than one of the above
E) None of the above



Example

What is the ratio of the periods for these two oscillators?
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Example

The block is at its equilibrium position and is set in motion by hitting
it (and giving it an initial velocity) at time t = O. Its motion is SHM
with amplitude 5 cm and period 2 seconds. Write the function x(1).
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Quick Quiz

The figure shows four oscillators at # = 0. Which one has
the phase constant ¢, = 7/4 rad?
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Quick Quiz
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The block is at x4 = +5 cm, with positive velocity v, at time t = 0.
Its motion is SHM with amplitude 10 cm and period 2 seconds. If
X(t) = A cos (ot + ¢), the phase constant f should be:

A) Q°

B) 30°
C) 60°
D) -30°
E) -60°



Velocity and Acceleration

x(t)= Acos(wt+ @)

dx
v(t) = —
(¢) 7

dv
a(t) =—
(¢) ”

—Awsin( wt + @)

—Aw’ cos(wt + Q) = -0’ X g

a(t) =— o? x(t)




Position, Velocity and Acceleration

x(1)

v(t)

a(t)
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Question:

Where in the motion is the velocity largest?

Where in the motion is acceleration largest?



Quick Quiz

An object moves with simple harmonic motion. If
the amplitude and the period are both doubled,
the object’'s maximum speed is

A.quartered.
B. halved.

C. quadrupled.
D.doubled.

E. Unchanged.



Example

An object oscillates with SHM along the x-axis. Its displacement
from the origin varies with time according to the equation:

X(1)=(4.0m)cos(xt+r/4)

where 7 is in seconds and the angles in radians.

a) determine the amplitude

b) determine the frequency

c) determine the period

d) its position at =0 sec

e) calculate the velocity at any time, and the v,
f) calculate the acceleration at any time, and a,,,,






Back to Hooke's Law: F = —kx

2
d—f ——o’x wherew’ =X
dt \m
‘Generic SHO‘ ‘Hooke's SHO‘

o=2rxlT = T = 272'\/%



Example

A 7.0 kg mass is hung from the bottom end of a vertical
spring fastened to the ceiling. The mass is set into vertical
oscillations with a period of 2.6 s.

Find the spring constant (aka force constant of the spring).



Example

A block with a mass of 200g is connected to a light
spring with a spring constant k=5.0 N/m and is free to
oscillate on a horizontal frictionless surface.

The block is displaced 5.0cm from equilibrium and
released from rest.

a) find the period of its motion
b) determine the maximum speed of the block
c) determine the maximum acceleration of the block






Simple Pendulum

Gravity is the "restoring force" taking the place of
the "spring” in our block/spring system.

Instead of x, measure the displacement as the arc
length s along the circular path.

Write down the fangential component of F=ma:

Restoring force = mg sin 6

. d’s
—mgsmé’zmat:mF E
Buts=L6 :,_:S—;/ mg sin 0
2
— d°0 =—S5ing

dt* L



2

X 2
SHM: =—W X < —X

dt’
2
Simple pendulum: d (29 = —gsin 0
dt L \

The pendulum is not a simple harmonic oscillator!

However, take sma// oscillations:
sin@ =@ (radians) if @ is small.

2
40 _ _8no~-80

Then 5
dt L L




d’6 g
; =—=0
For small 6 1 /
: L d’x : :
This looks like s ~w’x, with angle 0 instead of x.

The pendulum oscillates in SHM with an angular
freguency
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and the period is 2w/w, efc.



Question: How high is the ceiling?




Quick Quiz

What happens to the period of a simple pendulum if
the mass is doubled?

a) Increases by a factor of two
b) Increases by a factor of /2

c) Stays the same

d) Decreases by a factor of two
e) Decreases by a factor of /2



Quick Quiz

Pendulum clocks (“grandfather clocks”) often have a
swinging arm with an adjustable weight. Suppose
the arm oscillates with T=1.05sec and you want to
adjust it to 1.00sec. Which way do you move the

weight?




Quick Quiz

A simple pendulum hangs from the ceiling of an
elevator. If the elevator accelerates upwards, the
period of the pendulum:

a) Gets shorter
b) Gets larger
c) Stays the same



Energy of a SHO

Recall for a spring:

ETo‘r - K + U
= 1/2mv2 + 1/2kx?

But we know that:

x = A cos(ot+o)
v =-A o sin(ot+p)



Energy in SHM

Look again at the block & spring | |WWWW\M

= k!
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S>> E,=—kA’=—(ma*)4A> = —mv>
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Quick Quiz

Four springs have been compressed from their
equilibrium position at x= 0 cm. When released, they
will start to oscillate. Rank in order, from highest to
lowest, the maximum speeds of the oscillators.

@  MVWWWWWWO 4m

: D.a=d>b>c
@ NAANANVNVWNVOm E.b>c>a=d
0

o : E A.c>b>a=d
N e B.c>b>a>d

A : C.d>a>b>c
(c) [IHIIIHKDZm: :

! ! x (cm)

:
~20 —15 —10 -5



Quick Quiz

Suppose you double the amplitude of the motion, what
happens to the maximum speed ?

a) Doubles
b) Four times larger
c) Doesn't change



Quick Quiz

Suppose you double the amplitude of the motion, what
happens to the maximum acceleration?

a) Doubles
b) Four times larger
c) Doesn't change



Quick Quiz

Suppose you double the amplitude of the motion, what
happens to the the total energy?

a) Doubles
b) Four times larger
c) Doesn't change



Energy

Since we know the total energy of a SHM, we
can calculate the or displacement velocity at
any point in time:

Er. = 1/2kA2 = K+U = 1/2mv2 + 1/2kx?

So, if x=0, all E is in kinetic, and v is at max.

If x=A, all E is in potential, and v is zero.



Example

A 100g block is attached to a spring with spring
constant 20 N/m. When the block isbcm from
the equilibrium position, it moves with a speed of
1.5m/s.

a) What is the total energy of the system ?

b) What is the amplitude of the oscillations ?



Example

A 500g block on a spring is pulled 20cm and released.
The motion has a period of 0.8s.

What is the velocity when the block is 15.4cm from
the equilibrium position?



